Abstract. We determine the minimally irreducible groups with proper non-soluble socle, whose degree is the product of two primes.
Introduction
Let V be a finite-dimensional complex vector space and G be a subgroup of GLðV Þ with character w. We say that G is w-minimally irreducible (or simply minimally irreducible when w does not need to be specified) if G acts irreducibly on V but all proper subgroups of G act reducibly. It is known that any such group is finite (see [19] ). A number of papers on minimally irreducible groups have appeared over the years, mostly by Russian authors and mostly focussed on soluble groups. Recently, Dalla Volta and Di Martino classified minimally irreducible non-soluble groups when dim V is prime ( [3] ). The soluble case had been dealt with by Suprunenko in the early 1970s (see [24] ). As far as we know, the case when dim V is the product of two primes (and V is defined over an arbitrary algebraically closed field) has been considered only in a series of papers by Kopylova (see [13] , [14] , [15] ), and only when G is soluble and dim V is the square of a prime. The case when G is simple and dim V is the square of a prime should not, in principle, be di‰cult, since all (quasi)-simple irreducible groups of prime-power degree are known (see [18] ). However the case when G is simple and dim V is a product of two distinct primes might require considerable e¤ort.
While some work is under way on the case when G has an abelian socle, in the present paper we consider the case when G is a non-simple group with a nonabelian socle. We classify the minimally irreducible subgroups G of GLðV Þ, where V ¼ V ðn; CÞ, n ¼ pq (with p, q primes, not necessarily distinct), such that G has a proper non-abelian minimal normal subgroup N. Denote by w the character of G associated to the representation space V . By the minimality assumption, the restriction w jN of w to N is reducible. Let y ¼ y 1 be the character a¤orded by an irreducible submodule of V jN . By Cli¤ord's Theorem, w jN ¼ e P t 1 y i , where e ¼ ðy; w jN Þ and y 1 ; . . . ; y t are distinct irreducible characters of N (conjugate under the action of G). As N is non-abelian, we may assume, say, that yð1Þ ¼ p. Then two possibilities arise:
(i) t ¼ q, e ¼ 1 (i.e. w jN is the sum of q distinct irreducible characters of N of degree p);
(ii) t ¼ 1, e ¼ q (i.e. w jN is the sum of q copies of y). We will refer to (i) and (ii) as to the non-homogeneous and homogeneous case, respectively. The non-homogeneous case will be dealt with in Section 3, and the homogeneous case in Section 4. Ã ðaÞ is the multiset of such divisors, that is, an integer occurs in p Ã ðaÞ as often as it divides a. In particular, for a; b A Z, p Ã ðaÞnp Ã ðbÞ ¼ p Ã ða=gcdða; bÞÞ. We write X : Y for a group that is the semidirect product of a normal subgroup X by a subgroup Y . For any finite group L, we denote by Irr n ðLÞ the set of irreducible complex characters of L of degree n, and set a n ðLÞ ¼ jIrr n ðLÞj. By cdðLÞ we denote the set of irreducible character degrees of L.
Let F be a field. The symbol ðFÞ n stands for the full matrix algebra of degree n over F, 1 n denotes the identity matrix of size n, and e ij (for i; j A ½n) denotes the elementary matrix with 1 in the ði; jÞ position and zeros elsewhere. For A A ðFÞ n , A 0 denotes the transpose, and A Ã the inverse-transpose of A. A field of order u will usually be denoted by F u . A finite simple group S of Lie type defined over F u will be denoted by SðuÞ, unless S is of unitary type, when S will be denoted by Sð ffiffi ffi u p Þ. It is well known (see [2] ) that any automorphism of S is the product of inner, diagonal, field and graph automorphisms. In particular, the field automorphisms form a cyclic group generated by the automorphism induced by the Frobenius map x 7 ! x r ðx A F u Þ, which will be denoted by Fr. We write eðSÞ for the lower bound for the minimal degree of an irreducible projective representation of S, as given in [12, 
Preliminary and auxiliary results
In this section we first refine some of the results in [3] , and record some (possibly not well-known) properties of minimally irreducible groups. Then we set up the machinery needed in Sections 3 and 4.
2.1 Groups of prime degree. Our first lemma has rather general scope, and it will be used frequently.
Lemma 2.1. Let G be a w-minimally irreducible subgroup of GLðV Þ, and suppose that N is a normal subgroup of G such that w jN splits into q distinct irreducible constituents, where q is a prime. Then there exists y A G of q-power order such that G ¼ Nh yi.
Proof. It is clear that there exists y A GnN acting as a q-cycle on fy 1 ; . . . ; y q g, where w jN ¼ P q 1 y i . It follows that hN; yi is irreducible, whence by the minimality assump-tion hN; yi ¼ G. We may choose y to have order a q-power by, if necessary, replacing the 'original' y by a suitable power.
The next lemma partially refines the 'reductions' in [3] .
Lemma 2.2. Let G be a w-minimally irreducible subgroup of GLðV Þ, where V ¼ V ð p; CÞ and p is a prime. Then either G is soluble (of length 2), or G is simple and non-abelian.
In the latter case, the Sylow p-subgroups of G have order p.
Proof. Let N be a proper normal subgroup of G. Since w jN is reducible, N is abelian. Therefore, if G is not perfect, it must be soluble of length 2. So assume that G is perfect. Then, by Lemma 2.1, w jN ¼ pl and N c ZðGÞ. Therefore G is quasi-simple. Since G ¼ G 0 implies that G c SLð p; CÞ, either jZðGÞj ¼ 1 or jZðGÞj ¼ p. Observe that, for any P A Syl p ðGÞ, w jP splits into p irreducible constituents of degree 1. Therefore P is abelian. By a result on transfer ([9, (IV.2.2)]), P V ZðGÞ V G 0 c P 0 . Hence ZðGÞ ¼ 1. It follows that G is simple. Finally, observe that jx G j is a p 0 -number for every x A P. Thus, by a theorem of Burnside ( [10, p. 36 We conclude that jPj ¼ p.
The classification of soluble minimally irreducible groups by Suprunenko ([24] ) implies the following lemma (see [3] for a direct proof ): Lemma 2.3. Let G be a soluble minimally irreducible subgroup of GLðV Þ of prime degree. Then G is a minimally non-abelian group, i.e. a non-abelian group all of whose proper subgroups are abelian.
Minimally non-abelian groups are known as Miller-Moreno groups, and were classified by Rédei in 1947. As already mentioned, the minimally irreducible groups of prime degree which are Miller-Moreno groups were determined in [24] , via a direct matrix analysis. For the reader's sake and for later use, we give an independent proof. Furthermore, we pin down the normal subgroups of these groups, as needed later on to prove that minimal irreducibility is preserved under direct products. We recall that the so called modular p-group of order p nþ1 is the group with presentation
Theorem 2.4. A soluble group G is minimally irreducible of prime degree p if and only if it has cyclic centre and is one of the following:
(i) an extra-special p-group of order p 3 ;
(ii) a modular p-group;
On minimally irreducible groups of degree the product of two primes(iii) a semidirect product W : X , where X is a cyclic p-group and W is an irreducible F r ½X = W 1 ðX Þ-module with r a prime, r 0 p.
Proof. Let G be minimally irreducible of prime degree p. By Lemma 2.3 every proper subgroup of G is abelian. Moreover, by faithfulness, ZðGÞ is cyclic. We claim that G cannot have two normal subgroups of coprime indices. For, otherwise, the degree cð1Þ of any irreducible character c of G must divide two coprime integers, hence cð1Þ ¼ 1, and G is abelian, a contradiction. Suppose first that G has two distinct maximal normal subgroups M, N. Then both M, N have index p, and M V N ¼ ZðGÞ d G 0 . Therefore G is nilpotent of class 2, and hence is a p-group (otherwise G would be abelian). Furthermore ZðGÞ ¼ FðGÞ, as M, N are arbitrarily chosen. Since the irreducible characters of G are either linear or have degree p, comparing their number with the number of conjugacy classes we obtain that jG 0 j ¼ p. If jZðGÞj ¼ p, then G is extraspecial of order p 3 . Assume that jZðGÞj > p. Since ZðGÞ is cyclic, for any maximal normal subgroup A of G, either A is cyclic or A ¼ A 0 Â ZðGÞ, with jA 0 j ¼ p. Suppose that no maximal subgroup of G is cyclic. Then G ¼ ha; b; ZðGÞi for suitable elements a; b of order p, whence it follows that G= W 1 ðZðGÞÞ is elementary abelian of rank 3, a contradiction, since jG : FðGÞj ¼ p 2 . On the other hand, if A is cyclic of index p, then G is one of five groups (see [9, (I.14.9)]). But among these only the modular p-groups have centre of index p 2 . Conversely, all such groups are minimally non-abelian and have cyclic centre, and hence admit faithful minimally irreducible representations of degree p.
Next suppose that G has a unique maximal normal subgroup N. Clearly jG : Nj ¼ p and G=G 0 is cyclic. It follows that G is not a p-group; for otherwise N ¼ FðGÞ and G would be cyclic. Let P be a Sylow p-subgroup of G, choose x A PnN and set X ¼ hxi. Clearly N is the direct product of its Sylow subgroups. If SX 0 G for each Sylow subgroup S of N then S c C G ðxÞ would force G to be abelian. Therefore G ¼ RX for some Sylow r-subgroup R of N, where r 0 p. Since ðjRj; jX jÞ ¼ 1, we have R ¼ ½R; X Â C R ðX Þ (see [9, (III.13.4 
)])
. If C R ðX Þ 0 1 then ½R; X X is a proper subgroup of G and hence it is abelian; but this implies that R commutes with X , and therefore G would be abelian. Thus C R ðX Þ ¼ 1. Set W ¼ W 1 ðRÞ. Then W ¼ R, for otherwise W would centralize X , which in turn would imply R ¼ 1. Thus R ¼ W is elementary abelian, and by Maschke's Theorem, W is a completely reducible F r ½X -module. If W is reducible then W ¼ W 1 l W 2 for proper submodules W 1 , W 2 , but this again forces G to be abelian. Therefore W must be irreducible. We also observe here that W 1 ðX Þ ¼ C X ðW Þ, and recall that W is an irreducible F r ½X = W 1 ðX Þ-module if and only if dimðW Þ ¼ oðrÞ, where r is the residue class of r modulo p (see [9, (II.3.10)]). Conversely, let G ¼ W : X , where X is a cyclic p-group, W is an irreducible F r ½X = W 1 ðX Þ-module, and r, p are distinct primes. By Itô 's Theorem, any irreducible representation of G of degree > 1 has degree p. We claim that at least one of these is faithful, and if so is minimally irreducible. Note first that, if N is a normal subgroup of G, then either W c N, We will make use of the list of non-abelian simple groups S admitting an ordinary representation of prime degree p (cf. [4] , [16] ). These groups, together with the relevant values of p, are given in the first two columns of Table 1 below. We also need to describe the structure of OutðSÞ. This information is taken from [12, § §2.2-2.4] and the Atlas (see [2, p. xvi] ). It is well known that for groups S of Lie type OutðSÞ is obtained from the diagonal, field and graph automorphisms (see [23] and [1, (12.5) ]). The next arithmetical lemma, which slightly extends [4, Lemma 3.1], allows us to pin down the field and diagonal automorphisms exactly, and hence the structure of OutðSÞ, as recorded in the last column of Table 1 . In particular, notice that the projective special linear groups and the unitary groups of Lie rank d 2 in Table 1 have no diagonal automorphisms. Lemma 2.5. Let n be a positive integer, r be a prime and set u ¼ r f , where f d 1. (i) If ðu n À 1Þ=ðu À 1Þ is a prime, then n is a prime, f is a power of n and gcdðn; u À 1Þ ¼ 1.
n À 1Þ is a prime, then either nf ¼ 1, or n is an odd prime and u ¼ 3. (iii) If ðu n þ 1Þ=ðu þ 1Þ is a prime, then n is an odd prime, gcdðn; u þ 1Þ ¼ 1 unless ðn; uÞ ¼ ð3; 2Þ, and f ¼ 2 t n s for some t; s d 0.
n þ 1Þ is a prime, then nf is a 2-power.
Proof. (i), (ii), (iv) are fairly standard and essentially contained in [4, Lemma 3.1]. The first part of (iii) is also in [4, Lemma 3.1]; so n is an odd prime. Denote by F d ðxÞ the dth cyclotomic polynomial (that is,
where z is a primitive dth root of unity). Then for some t; s d 0. Finally assume that gcdðn; u þ 1Þ > 1. Since n is a prime, n divides ðu þ 1Þ; write u ¼ À1 þ n a k, where gcdðn; kÞ ¼ 1. Using the binomial expansion we see that n aþ1 j ðu n þ 1Þ. Since ðu n þ 1Þ=ðu þ 1Þ is a prime, it follows that
Remarks. Several comments are in order concerning the data in Table 1 .
(1) We always denote by u ¼ r f , where r is a prime, the order of the field over which the relevant group of Lie type is defined, except in the unitary case, when u denotes the square root of the field order. Moreover, n always denotes a prime, unless S ¼ PSLð2; r n Þ, in which case n may equal 1. The third column in Table 1 indicates further restrictions imposed on u and n. (The occurrences and ranges in Table 1 are fewer than in [4] since the latter paper takes into account all projective, not just ordinary, representations.) (2) Concerning the cases S ¼ PSLð2; uÞ, p ¼ 1 2 ðu G 1Þ, we recall that it is conjectured that there exist infinitely many pairs ð2p þ 1; pÞ of so-called Sophie Germaine's primes and infinitely many pairs ð2p À 1; pÞ of so-called Legendre primes. We also note that u need not be a 3-power when 1 2 ðu þ 1Þ is prime. (3) The group A 5 G PSLð2; 5Þ G PSLð2; 4Þ has a (monomial) representation of degree 5 ¼ 4 þ 1 and A 6 G PSLð2; 9Þ has (primitive) representations of degree 5 ¼ 1 2 ð9 þ 1Þ. The group PSLð2; 7Þ G PSLð3; 2Þ has an irreducible (monomial) representation of degree 7 ¼ 2 3 À 1. However, if n d 5, PSLðn; 2Þ has no irreducible representation of degree 2 n À 1 (cf. [4] in Table 1 correspond to the so-called 'Weil representations'. The general situation (see [28] ) can be described as follows. The symplectic group Spð2n; uÞ, for any n and any odd u, has exactly two complex representations r; r Ã of degree u n . Each of these decomposes into two irreducible constituents; we have r ¼ x þ c, r ðu n G 1Þ occurs as a character degree of PSpð2n; uÞ and, whichever it is, it is known to be the minimal non-trivial character degree of PSpð2n; uÞ (cf. [27, Corollary 5.4] ). It is also well known that one obtains standard embeddings Spð2m; u d Þ ,! Spð2n; uÞ via the trace map whenever n ¼ md, d > 1 (see [9, (II.9.24)]). In particular, SLð2; u n ÞÞ embeds in Spð2n; uÞ. Since PSLð2; u n Þ and PSpð2n; uÞ share the same minimal character degree, it follows that any Weil representation of S restricts irreducibly to PSLð2; u n Þ (hence a fortiori to any overgroup PSpð2m; u d Þ). Finally, note that the extra constraints on n and u in Table 1 are only due to the requirement that p be a prime.
(5) The entry PSUðn; uÞ for p ¼ ðu n þ 1Þ=ðu þ 1Þ and n odd also corresponds to 'Weil representations'. Here ðu n þ 1Þ=ðu þ 1Þ prime forces ðn; u þ 1Þ ¼ 1, so that PSUðn; uÞ G SUðn; uÞ. The latter group, for any odd value of n and any value of u has exactly u irreducible representations of degree ðu n þ 1Þ=ðu þ 1Þ. This is known to be the next to minimal non-trivial character degree of SUð2n; uÞ (cf. [27, §4] ). It is also known that these representations are minimally irreducible, except for PSUð3; 3Þ (cf. [3] , and (6) below).
(6) Whenever S is not minimally irreducible, we list in the fourth column of Table  1 examples of proper irreducible subgroups of S. The necessary information is essentially gathered from [3] . However the case S ¼ PSUð3; 3Þ is not thoroughly treated there. This group has exactly three irreducible representations of degree 7 and a unique conjugacy class of maximal subgroups T G PSLð2; 7Þ G PSLð3; 2Þ. While one of these representations restricts to the Steinberg character of PSLð2; 7Þ, so that PSUð3; 3Þ is not minimally irreducible with respect to it, the other two restrict to the permutation action of PSLð3; 2Þ on the points of the Fano plane PGð2; 2Þ. In the latter two cases, PSUð3; 3Þ is indeed minimally irreducible.
For later use, the group PSLð2; 9Þ G A 6 deserves a few more words. The group A 6 has two conjugacy classes of subgroups isomorphic to A 5 , say K A 6 and L A 6 , where K is a point stabilizer in the natural permutation representation p, while L is a 2-transitive subgroup obtained from the action of A 5 on its six Sylow 5-subgroups. The group PSLð2; 9Þ has two Weil representations y, y Ã of degree 5. One of them, say y, corresponds to the deleted natural permutation representation of A 6 , that is, y ¼ p À 1 A 6 . The representation y Ã is obtained from y via the diagonal automorphism q of PSLð2; 9Þ. Indeed q, viewed as an automorphism of A 6 , maps 3-cycles to products of pairs of disjoint 3-cycles. It follows that q interchanges the classes K A 6 and L A 6 , p Ã ¼ p q di¤ers from p and therefore y Ã ¼ p Ã À 1 A 6 is the other Weil representation. Clearly y jK is reducible, while y jL is irreducible (similarly for y Ã , with the roles of K, L interchanged). Lemma 2.6. Let S and p be as in Table 1 . Then p a jOutðSÞj.
On minimally irreducible groups of degree the product of two primesProof. We see from the last column in Table 1 n À 1Þ=ðu À 1Þ, then again p > n. Finally, suppose that S ¼ PSUðn; uÞ and p ¼ ðu n þ 1Þ=ðu þ 1Þ. Then p ¼ n implies u n 1 À1 mod n. Since u nÀ1 1 1 mod n by Fermat's Little Theorem, it follows that n j ðu þ 1Þ. Arguing as at the end of the proof of Lemma 2.5, we obtain ðn; uÞ ¼ ð3; 2Þ; but in this case S ¼ PSUð3; 2Þ, which is not simple.
Technical tools.
Suppose that G is a finite group admitting an irreducible character w of degree pq, with p, q primes. Moreover, assume that N is a normal subgroup of G such that w jN ¼ P q 1 y i , where y 1 ; . . . ; y q are distinct irreducible characters of N of degree p. (Note that, if G is also w-minimally irreducible, then G=N must be a cyclic q-group by Lemma 2.1.) Our first proposition limits considerably the structure of a proper irreducible subgroup M of G. In particular, the structure of
Proposition 2.7. Let G and N be as above, and furthermore assume that G=N is a cyclic q-group. Let M be a maximal irreducible subgroup of G, and set Hence e ¼ 1. Moreover t > 1, since mð1Þ ¼ pq and hð1Þ c yð1Þ ¼ p. Since t ¼ jM : Rj is a q-power, we conclude that only two possibilities arise, namely either t ¼ q and hð1Þ ¼ p, or t ¼ q 2 , hð1Þ ¼ 1 and p ¼ q.
Note that in the setting of Proposition 2.7, not only are the constituents h i distinct, but they also form a single orbit under the action of M. The next proposition is a partial converse to 2.7, enabling one to build irreducible subgroups of G of degree pq from given irreducible subgroups of N of degree p. Proposition 2.8. Let G and N be as above, and H be a subgroup of N such that
is a decomposition of w jH into distinct irreducible constituents. Set y ¼ y 1 . If N G ðHÞ G I G ðyÞ, then N G ðHÞ has a cyclic q-subgroup X G I G ðyÞ and, for any such X, M ¼ HX is irreducible with respect to w jM .
Therefore we may pick x A QnI G ðyÞ. . Let K ¼ ker w. By our assumption, K V NC ¼ 1. Thus for g A K and x A N we have ½g; x A K V N ¼ 1, whence g A C V K ¼ 1. We conclude that w is faithful.
The non-homogeneous case
The general assumption in this section is that G has a proper non-abelian minimal normal subgroup N and an irreducible character w whose restriction to N splits into pairwise distinct irreducible constituents. We emphasize again that, if G is wminimally irreducible, then G ¼ NY , by Lemma 2.1, where Y is a cyclic q-group. Whether or not G is w-minimally irreducible, N is the direct product of isomorphic simple groups, and the following holds: 3.1 Case I. In this subsection, we deal with the case when m ¼ 1. Thus N ¼ S is a non-abelian simple group. Our first result establishes a significant restriction on the parameter q. Lemma 3.2. Suppose that G satisfies the following assumptions:
where S is a normal non-abelian simple group and Y is a cyclic qsubgroup;
(ii) G has an irreducible complex character w of degree pq, with p, q primes, such that w jS ¼ P q 1 y i , where y 1 ; . . . ; y q are distinct irreducible characters of S of degree p. Then fy 1 ; . . . ; y q g is an orbit of Irr p ðSÞ under the action of some cyclic q-subgroup of OutðSÞ. In particular, q divides jOutðSÞj.
Proof. By Cli¤ord theory, the irreducible constituents y 1 ; . . . ; y q of w jS are Gconjugate. Since each of them is a class function on S, and since G ¼ SY it follows that they are also Y -conjugate. Thus Y cannot act on S by inner automorphisms. We conclude that Y maps to a non-trivial q-subgroup of OutðSÞ. The claim follows. Lemma 3.2 prompts us to determine for which S the set Irr p ðSÞ has non-trivial orbits under the action of OutðSÞ. To this end, we inspect the irreducible simple groups of prime degree in Table 1 , and pin down the action of the outer automorphisms of S on the corresponding characters. While most cases are fairly straightforward, the case when S ¼ PSLðn; uÞ, p ¼ ðu n À 1Þ=ðu À 1Þ under the action of field automorphisms requires some arithmetical results. We collect them in a series of preliminary lemmas.
Suppose that u ¼ r n s , where r and n are primes. Set a t ¼ r n t À 1 for t d 0, and a À1 ¼ 1. Note that b t ¼ a tþ1 =a t is an integer, since a t ja v whenever t c v. In fact,
In view of this, we will make use of a nice property of cyclotomic polynomials: Lemma 3.3. For any two polynomials f ; g A Z½x denote by remð f ; gÞ the remainder in the Euclidean division algorithm. Suppose that n is prime. Then, for any d A N,
In particular, for any integer a we have
Proof. Since x n À 1 ¼ F 1 ðxÞF n ðxÞ, it is enough to show that remðF n ðx n d Þ; x n À 1Þ ¼ n for any d A N. As x n 1 1 modðx n À 1Þ we have
and we are done.
We are now in a position to show the following: Suppose that gcdðn; F n ðaÞÞ ¼ n. Then a n 1 1 mod n, that is, r n tþ1 1 1 mod n. Since r nÀ1 1 1 mod n, it follows that r 1 1 mod n, a contradiction.
For application to the action of Fr on Irr p ðSÞ, we separate the cases when n is odd and when n ¼ 2.
Case 1. Suppose that n is odd. Consider the additive group R ¼ Z uÀ1 . Then multiplication by r defines an endomorphism m of R of order n s . We claim that m, in its permutation action on R, has orbits of all possible lengths n l with 0 c l c s. First we record the following elementary facts (the map cx a 7 ! x b provides the isomorphism in (i)). Proof.
thus a l ¼ m s; l þ a lÀ1 . Since the number of cycles of length n l is exactly m s; l =n l , we get the first part of the statement. The last part follows because the integers b t are pairwise coprime, by Lemma 3.4.
Case 2. Suppose that n ¼ 2. In this case also we must have r ¼ 2. Setting R ¼ Z uÀ1 as above, we let m act by multiplication on the quotient setR R ¼ R=@, where j @ i if and only if j 1 Gi modðu À 1Þ. 
But b l j a s =a l and gcdðb l ; ða s =b l ÞÞ ¼ 1 by Lemma 3.4, and thus lcmðða s =a l Þ; ða s =b l ÞÞ ¼ a s : In order to state and prove Theorem 3.9 below, we set up the following ad hoc notation: in Case 1, for j A R set sð jÞ ¼ wðcÞ, as defined in Lemma 3.7; in Case 2, for ½ j @ AR R set sð jÞ ¼ wðcÞ À 1 or wðcÞ, according to Lemma 3.8.
We are now ready to prove our 'Orbit Theorem'.
Theorem 3.9. Let S be a non-abelian simple group having an irreducible complex character y of prime degree p. Suppose that the orbit y X of y under the action of some cyclic q-subgroup X of OutðSÞ, where q is a prime, is non-trivial. Then ðS; p; jy X j; jX jÞ is one of the following.
(1) ðPSLð2; uÞ; (6) ðM 12 ; 11; 2; 2Þ. Here y is one of two deleted permutation characters and
Proof. We inspect the simple irreducible groups of prime degree p (see Table 1 ).
(a) S ¼ A pþ1 . This case is ruled out, since the only representation of degree p > 5 is the deleted permutation representation (see [4, Lemma 3.2] ).
(b) S ¼ PSLð2; uÞ, p ¼ u. It is a well known result (dating back to I. Schur) that there is only one irreducible representation of degree u (the so-called Steinberg representation). Thus this case is also ruled out.
(c) S ¼ PSLð2; uÞ, p ¼ (e) S ¼ PSLðn; uÞ, p ¼ ðu n À 1Þ=ðu À 1Þ, u > 2. By Lemma 2.5 (i), n is a prime, u ¼ r n s for some prime r and gcdðn; u À 1Þ ¼ 1. In particular, PSLðn; uÞ G SLðn; uÞ. Let us consider the action of S on the projective space PGðn À 1; uÞ and let P be the stabilizer in S of a point of PGðn À 1; uÞ. Up to conjugation, we may assume that P consists of the n Â n matrices gðb; a; BÞ ¼ b a 0 B
;
, B A GLðn À 1; uÞ and b det B ¼ 1. The map gðb; a; BÞ 7 ! gðb; 0; BÞ is an epimorphism from P to K G GLðn À 1; uÞ with elementary abelian kernel
, and P ¼ A : K. It is well known that GLðn; uÞ 0 ¼ SLðn; uÞ 0 ¼ SLðn; uÞ, unless ðn; uÞ ¼ ð2; 2Þ or ð2; 3Þ (cf. [9, (II.6.10)]). Now A is an irreducible K-module, and hence either ½A; K ¼ 1 or ½A; K ¼ A. But the former holds if and only if ðn; uÞ ¼ ð2; 2Þ or ð2; 3Þ, and therefore is ruled out since S is simple. It follows that
Since by assumption u > 2, we conclude that
It is known (cf. [4] , [5] ) that inducing to S the non-principal linear characters of P one obtains all irreducible characters of S of degree p. . However the dual of P is obtained by applying to P the invert-transpose automorphism of S, hence inducing non-principal linear characters from the dual of P to S gives rise to the same set of characters obtained from P.
In order to determine the orbits under outer automorphisms of S, we need a more detailed description of Irr p ðSÞ. First observe that gðb; a; BÞP (column space) and V ðvÞ is the ðn À iÞ Â i matrix with first column v and zeros elsewhere. Then T ¼ ftði; vÞ j i A ½n; v A F nÀi u g is the required transversal. Indeed, jTj ¼ p, and tði; vÞ maps the standard basis vector e 1 of F n u to e i þ ð0 i ; vÞ t . Now we choose c ¼ diagðn 1Àn ; n1 nÀ1 Þ A P and compute y j ðcÞ ¼ 
We are now ready to prove (3). Since under our assumptions gcdðn; u À 1Þ ¼ 1, S has no diagonal automorphisms: thus OutðSÞ G S : G, where S and G denote the groups of field and graph automorphisms respectively (in particular, G is generated by the invert-transpose automorphism if n > 2, and is trivial if n ¼ 2). Suppose first that n > 2. Now S is generated by the Frobenius automorphism Fr of order n s and acts on Irr p ðSÞ via y j ! y 
:
whose absolute value is at most n À 1. However ðu nÀ1 À 1Þ=ðu À 1Þ > n À 1 as n > 2. Therefore y i ðcÞ ¼ y j ðcÞ if and only if i ¼ j. We conclude that the action of S on Irr p ðSÞ is permutationally equivalent to multiplication by r on Z Ã uÀ1 , as described in Lemma 3.7. Namely, there are S-orbits on Irr p ðSÞ of all sizes between 1 and n s depending on j (an explicit algorithm was provided there to determine sð jÞ, where jy S j j ¼ n sð jÞ ). Now suppose that n ¼ 2, which in turn forces r ¼ 2. In this case, y j is uniquely determined by its values on the powers of c (see [6, Theorem 38.2] ). The same computations as above show that y i ¼ y j if and only if i 1 G j modðu À 1Þ; in other words, Irr p ðSÞ is parametrized by Z Ã uÀ1 =@. In particular, the action of S on Irr p ðSÞ is permutationally equivalent to multiplication by 2 on Z Ã uÀ1 =@, as described in Lemma 3.8. Namely, all possible orbit sizes 2 l occur, where 0 c l c s, unless ðs; lÞ ¼ ð1; 1Þ, i.e. S ¼ PSLð2; 4Þ. Moreover, for any given ½ j @ , the integer sð jÞ such that jy S j j ¼ n sð jÞ can be explicitly computed. Note that y ðuÀ1Þ=3 is the unique Sinvariant element of Irr p ðSÞ; in particular, PSLð2; 4Þ has a unique character of degree 5. Finally, observe that, for a given X c S, we have jy X j j ¼ n t if and only if jX : C X ðy j Þj ¼ n t . Since S is cyclic and jC S ðy j Þj ¼ n sÀsð jÞ , the latter occurs if and only if jX j ¼ n tþsÀsð jÞ . (In particular, notice that, if y j is not S-invariant, then there exists a subgroup X of S such that y X j has exactly size n.) The proof of (3) Table 1 and discussed in the subsequent remarks. Since u is odd, OutðSÞ G S Â hqi, where S denotes the group of field automorphisms and q is a diagonal automorphism of order 2 (cf. [12, Chapter 2] ). Let V ¼ V ð2n; uÞ be the underlying space of Spð2n; uÞ, and
be two maximal totally isotropic subspaces of V such that V ¼ M l N. We may order the basis ðe i j 1 c i c 2nÞ of V so that the alternating form defining Spð2n; uÞ is represented by the matrix
Then q is realizable by transforming via the matrix D ¼ diagðn1 n ; 1 n Þ, where n is a non-square in F 
where l A Irr 1 ðF u ; þÞ. Let c be the quadratic character of ðF Ã u ; ÁÞ and consider the 'Gaussian sum'
cðcÞlðcÞ (see [17, p. 192] (i) The sporadic groups in the list all have trivial outer automorphism groups, except for S ¼ M 12 . In the latter case OutðSÞ has order two, and S has precisely two irreducible complex representations of degree 11, which are interchanged by an outer automorphism.
Another ingredient needed to control outer automorphisms concerns the embeddings of automorphism groups of symplectic groups in symplectic groups of larger degree over smaller fields. Let F be a field of order u contained in a field E of order u d . As already mentioned, a standard embedding of the group Spð2m; u d Þ in Spð2md; uÞ is obtained via the trace map of E over F. It is convenient to have explicit control of the embedding. This can be done exploiting the so-called regular representation of E over F. Fix an F-basis b for E. Then, given x A E, right multiplication by x induces an F-linear transformation on E. Denoting by RðxÞ the matrix of x with respect to b, the map x 7 ! RðxÞ is a representation of E as a subalgebra of ðFÞ d , the regular representation of E over F. Moreover it is known (cf. [22] ) that b may be chosen so that RðxÞ is a symmetric matrix for every x A E. Then the following holds: Proof. It is readily checked that R 0 is an F-algebra monomorphism. 
we deduce that R 0 ðSpð2m; u d ÞÞ c Spð2md; uÞ.
We can now determine when a group G satisfying the assumptions of Lemma 3.2 is w-minimally irreducible. It turns out that minimal irreducibility depends heavily on the image of Y in OutðSÞ, which can be determined from Theorem 3.9. In particular, the two families of symplectic groups in Table 1 behave quite di¤erently.
Theorem 3.11. Let p and q be primes. Suppose that G has a non-abelian simple normal subgroup S, and that there exist y A Irr p ðSÞ and X c OutðSÞ such that the orbit of y under the action of X has length q. Set y X ¼ fy 1 ; . . . ; y q g and C ¼ C G ðSÞ. If G is wminimally irreducible for some character w such that w jS ¼ P q 1 y i , then the following holds.
(1) G ¼ SY , where Y is a cyclic q-group and fy 1 ; . . . ; y q g is a Y-orbit.
(2) The triple ðS; p; qÞ is one of the following: Conversely, suppose that G is a group with a simple normal subgroup S satisfying (1)- (3) . Then G has an irreducible character w such that w jS ¼ P q 1 y i . Furthermore, if w satisfies (4), then w is faithful and G is w-minimally irreducible.
Proof. (1) follows immediately from Lemma 2.1. To determine whether or not G ¼ SY is w-minimally irreducible, we test for the existence of maximal irreducible subgroups M of G behaving as in Proposition 2.7. In particular, we have information on H ¼ M V S. Namely, we know that H is a proper subgroup of S, and either H is abelian and p ¼ q, or H is irreducible of degree p. However, by Lemma 2.6 and Lemma 3.2, the former case cannot occur. It remains to examine the simple groups S appearing in Theorem 3.9, seeking proper irreducible subgroups H satisfying the constraints of Proposition 2.7. In particular, for any such H we have ðy i Þ jH ¼ h i for 1 c i c q and hence jIrr p ðHÞj d q. If no such subgroup exists, then G is minimally irreducible. Otherwise, we apply Proposition 2.8 to prove that G does contain proper irreducible subgroups.
Running through the groups S listed in Theorem 3.9, we first observe that, according to [3] , the group PSLð2; uÞ is minimally irreducible of degree p ¼ 1 2 ðu þ 1Þ if u > 11, and the group PSLðn; uÞ is minimally irreducible of degree
We are left to consider the remaining groups PSLð2; uÞ, the symplectic groups and the Mathieu group M 12 .
(a) S ¼ PSLð2; 5Þ, p ¼ 3. Here S G A 5 , jIrr 3 ðSÞj ¼ 2 and the only irreducible subgroups H < S are isomorphic to A 4 . However jIrr 3 ðA 4 Þj ¼ 1. Therefore, by Proposition 2.7, G is minimally irreducible of degree 6 (an example of minimal order being PGLð2; 5Þ G S 5 ).
( 
m Þ, where m divides 2q. Since H < S, either m ¼ 1 or m ¼ 2. Now H G PSLð2; 2Þ is ruled out, since it has a single non-linear irreducible character of degree 2, which cannot be a character of S. Otherwise m ¼ 2, and we are back to the case H G A 5 . This exhausts the list of subgroups of PSLð2; 2 q Þ. We conclude that G is a minimally irreducible group of degree ð2 q À 1Þq. (e) S ¼ PSpð2n; 3Þ, p ¼ n À 1Þ. Considering the embedding of PSLð2; 3 n Þ in PSpð2n; 3Þ realized via the regular representation of F 3 n over F 3 , we set H ¼ R 0 ðPSLð2; 3 n ÞÞ. Observe that the irreducible Weil characters y, y Ã of S restrict irreducibly to H (since 1 
ð3
n À 1Þ is the minimal non-trivial degree for both groups). We have shown in the proof of Theorem 3.9 that the diagonal automorphism q induced by diagðÀ1 n ; 1 n Þ interchanges y and y Ã . Notice that diagðÀ1 n ; 1 n Þ ¼ R 0 ðdiagðÀ1; 1ÞÞ;
and À1 is not a square in F Ã 3 n , since 1 2 ð3 n À 1Þ is odd. It then follows (cf. [6, Chapter 38]) that y jH 0 ðy q Þ jH . Since OutðSÞ G Z 2 , the subgroup Y maps onto OutðSÞ. As in (c), we may assume that CY =C ¼ hqi. Thus H is Y -invariant, and applying Proposition 2.8 we obtain that M ¼ HY is an irreducible subgroup of G. Since S is a composition factor of G but not of M, we conclude that G is not minimally irreducible.
(
, r an odd prime. We will prove that no maximal subgroup H of S meets the constraints of Proposition 2.7, concluding that G is minimally irreducible of degree 2p, unless S ¼ PSpð4; 3Þ. Now, a maximal subgroup H of S belongs either to one of the 'Aschbacher classes' C 1 ; . . . ; C 8 or to a certain class S of almost simple groups. These classes are described in detail in [12] , which will also serve as our reference for the orders of finite classical groups. A case-by-case analysis shows the following:
H is the stabilizer either of a totally singular subspace of dimension m c n, or of a non-degenerate subspace of dimension 2m < 2n. In the former case, Thus À1 is also an eigenvalue of s. We now use the above information on s 0 to prove that the irreducible Weil characters y; y Ã of PSpð2n; uÞ restrict to the same character of H. In the notation of the proof of Theorem 3.9 (f ) and of [26] , clearly s 0 stabilizes both M and N. Denote by X the Spð2n; uÞ-module a¤ording the Weil representation R with character r, by ðe v j v A NÞ a basis for X , and by X 1 , X À1 the eigenspaces of RðÀ1 2n Þ relative to the eigenvalues 1, À1 respectively. Then, given any subset W of N such that W V ðÀW Þ ¼ q and W U ðÀW Þ ¼ Nnf0g, the sets
We know (cf. Theorem 3.9) that y Ã ¼ y q , where the diagonal automorphism q is realized by the matrix diagðn1 n ; 1 n Þ ¼ R 0 ðdiagðn1 n=2 ; 1 n=2 ÞÞ with n a non-square in F Ã . However n is a square in E, and hence diagðn1 n=2 ; 1 n=2 Þ belongs to Spðn; u 2 ÞÁZðGLðn; u 2 ÞÞ. Thus
Since h and h Ã restrict to the same character of T and H=T is cyclic of order 2, we have h ¼ h Ã b for some b A IrrðH=TÞ. However, by the above,
Therefore H does not meet the conditions of Proposition 2.7.
C 4 : H G ðPSpð2m; uÞ Â PO e t ðuÞÞ:Z 2 , n ¼ mt, t d 4. Thus any odd prime factor of jHj r 0 must divide u i G 1, for some i c maxðm; t=2Þ. Since m; t=2 < n, none of these primes can equal p. 
which forces p ¼ 5, u ¼ 3. Now S ¼ PSpð4; 3Þ has a single conjugacy class of maximal subgroups H A C 6 , isomorphic to E 2 4 : A 5 . Computation using the GAP package [7] shows that the Weil representations of S remain irreducible and distinct under restriction to H. Since Y is a 2-group, at least one of the 27 ¼ jS : Hj conjugates of H is Y -invariant. Thus, applying Proposition 2.8, we obtain an irreducible proper subgroup HY of G and conclude that G is not minimally irreducible of degree 10. Next, assume that a > 1. It is readily seen that p > 4 a À 1 > 2 aþ1 þ 1. Thus, apart from the exceptional case S ¼ PSpð4; 3Þ, jHj is coprime to p.
C 7 : H G PSpð2m; uÞ t :Z t 2 :S t , where 2n ¼ ð2mÞ t , ut odd, t d 3, ðm; uÞ 0 ð1; 3Þ. Arguing as in the first instance of the case C 2 , we see that jHj is coprime to p. C 8 : No subgroup of S belongs to C 8 , since u is odd.
We conclude that H can only belong to the class S, as defined in [12, §1.2]. In particular, H is an almost simple group with simple non-abelian socle T. It follows that h ¼ y jH restricts irreducibly to T. Hence T admits an irreducible representation of degree p, and again we are led to examine Table 1 . Since T is embedded in PGLð2n; uÞ, in most cases it will be enough to show that the minimal degree of a faithful projective representation of T exceeds 2n. In particular, if T is a group of Lie type of characteristic coprime to u (the so-called 'cross characteristic' situation), this minimal degree was estimated in [16] and is listed (with some corrections, and denoted by R r 0 ðTÞ) in [12, n þ 1Þ > s, and obviously r a 2a. Suppose that s divides u: then u > a, which again forces ðn; uÞ ¼ ð2; 3Þ. The latter instance is a true exception and has already been dealt with above, while examining the class C 6 (in fact, A 6 G PSLð2; 9Þ does embed in PSpð4; 3Þ).
(ii) T ¼ PSLð2; tÞ, t ¼ p. Here we are in cross characteristic, and according to [12, (iii) T ¼ PSLð2; tÞ, t ¼ p þ 1. Since p is odd, t is even, hence we are again in cross characteristic. Then R r 0 ðTÞ d t À 1 ¼ 1 2 ðu n þ 1Þ, unless t ¼ 4 or 9. However 4n À 1 < u n for all n d 2. Since t is even, the only exception to be considered is t ¼ 4. This exhausts our analysis, and allows to conclude that the relevant group G is minimally irreducible of degree 2p, unless S ¼ PSpð4; 3Þ.
(g) S ¼ M 12 , p ¼ 11. It is well known (see [2] , p. 33) that the only maximal subgroups of S of order divisible by 11 are isomorphic either to PSLð2; 11Þ or to M 11 . Since both these groups have just one irreducible character of degree 11, it follows immediately that G is minimally irreducible of degree 22.
The above arguments take care of all triples ðS; p; qÞ listed in part (2) of the statement of Theorem 3.11. As for (3), we first note that C ¼ C G ðSÞ embeds in an epimorphic image of
Now if g is a linear constituent of w jC then ker g is a characteristic subgroup of C, and hence a normal subgroup of G. It follows that ker g ¼ ker w V C ¼ 1. Finally, w jS ¼ P q i¼1 y i implies w jSÂC ¼ P q i¼1 y i g i , where the characters g i are (not necessarily distinct) linear constituents of w jC . In particular, y q stabilizes a faithful character g of C. Hence ½C; W 1 ðY Þ ¼ 1, and (4) is proven. Conversely, suppose that a group G satisfies the conditions (1)-(3). Choose a linear character g of C. Since ½C; W 1 ðY Þ ¼ 1, the irreducible character yg of S Â C has a Yorbit of size q. It follows from Proposition 2.9 that yg extends to c A Irr p ðI G ðygÞÞ, w ¼ c G A Irr pq ðGÞ and w jS ¼ P q 1 y i . If, furthermore, w satisfies (4), then kerðygÞ ¼ 1. Therefore w is faithful, again by Proposition 2.9.
We would like to refine our knowledge of the group SY in Theorem 3.11 by characterizing CY . We know that CY is metacyclic, since both C, Y are cyclic q-groups. As ½C; W 1 ðY Þ ¼ 1, Y acts either trivially or as a group of order q on C. Moreover, C being embeddable in an image of W 1 ðY Þ, we have jCjq c jY j. Finally,
Thus (e.g., see [9, (I.14.9)]) either CY = W 1 ðY Þ is abelian, or it is a modular, dihedral, semidihedral or generalized quaternion q-group. The structure of CY can then be worked out using the techniques and results of [11] and [8] . Our additional constraints on CY permit an explicit selfcontained proof: Proposition 3.12. Let Q ¼ CY , where C, Y are cyclic q-subgroups, C is normalized by Y, ½C; W 1 ðY Þ ¼ 1 and jCj < jY j. Then Q is one of the following metacyclic groups:
(2) abelian of type ðl; mÞ:
Groups of di¤erent type or of the same type but with di¤erent parameters are not isomorphic. (2) .
As for the parameters l, m in Cases (2)- (6), we observe that ðl; mÞ ¼ ðr; sÞ, except in Case (2), where ðl; mÞ ¼ ðr; s þ tÞ, and in Case (3) whenever t > 0 and the roles of C and Y are interchanged. This explains the given ranges of l and m.
As for the last statement, consider first types (1) to (3). Clearly groups of di¤erent type are non-isomorphic. Within a given type, comparison of the order of Q and the structure of Q=Q 0 and ZðQÞ shows that isomorphism forces equality of the parameters. Thus, to prove our claim, we only need to examine the case q ¼ 2 and types Remark. In Theorem 3.11, the subgroup C ¼ C G ðSÞ need not lie in a cyclic supplement to S. Consider S ¼ PSLð2; 9Þ and M 10 ¼ Shq Fri. It is well known that M 10 is a non-split extension of S. (Indeed, writing g g for conjugation via an element g of GLð2; 9Þ and by n a primitive element of F 
) Let z generate a cyclic group of order 4 and c denote the isomorphism sending z 2 to q Fr S A M 10 nS, and define G to be the subgroup of M 10 Â hzi consisting of all pairs ðm; xÞ such that mS ¼ cðx 2 Þ. We claim that C G ðSÞ is not in a cyclic supplement to S in G. First observe that G is indeed a subgroup of M 10 Â hzi containing S and that fð1; 1Þ; ð1; z 2 Þ; ðq Fr; zÞ; ðq Fr; z 3 Þg is a transversal for S in G. If ðc; wÞ A C G ðSÞ, then c A C M 10 ðSÞ ¼ 1, since S is centreless and q Fr is outer. Thus C G ðSÞ ¼ hð1; z 2 Þi. Let X be a cyclic supplement to S. Then X is generated by ðx; zÞ, where x A M 10 nS. Since x 2 0 1, we have C G ðSÞ G X .
Case II.
In this subsection, we deal with the case m ¼ q. Our general assumptions are as follows: G ¼ NY , where N is a minimal normal subgroup of G and Y ¼ h yi is a cyclic q-group; G has an irreducible character w of degree pq, whose restriction to N splits into q distinct irreducible constituents y i of degree p; N ¼ Q q 1 S i , where each S i is isomorphic to a given non-abelian simple group S. For simplicity, we write N ¼ S Âq . As observed in Lemma 3.1, by the minimality of N the group G acts transitively on the set fS 1 ; . . . ; S q g. In particular, y acts as a q-cycle on fS 1 ; . . . ; S q g. Clearly the group (i) h y 1 i supplements N in G (and y 1 acts as a q-cycle on fS 1 ; . . . ; S q g).
(ii) W q ðyÞ ¼ W q ð y 1 Þ.
Proof. Let xy ¼ tz be the above decomposition of xy into its q-regular and q-singular parts, and set m ¼ oðzÞ. A direct computation shows that H is X -invariant if and only if a i ¼ ra iÀ1 o iÀ1 for 2 c i c q. An easy induction shows that this is equivalent to requiring that a i ¼ r ðiÀ1Þ W iÀ1 . In particular, each a i with i < q is uniquely determined by the o's and a q , and moreover W q ¼ ða q o q Þ q . Conversely, assume that W q ðxÞ is a q-power in AutðSÞ. Then there exists a q A AutðSÞ such that
Finally, we single out the pairs ðH; Y Þ, where Y ¼ h yi is a q-cyclic supplement to N in G and H is a full diagonal Y -invariant subgroup of N, such that HY is a wirreducible subgroup of G. By Lemma 3.17, Y -invariance is equivalent to requiring that W q ðyÞ is a q-power in AutðSÞ. Set Q ¼ hW q ðyÞi. As observed at the beginning of this subsection, Q does not depend on the choice of the q-cyclic supplement Y to N. Proof. Suppose that N has a Y -invariant full diagonal subgroup H. Then W q ðyÞ is a q-power by Lemma 3.17, and hence Q J OutðSÞ q . Conversely, if the latter condition holds, then W q ð yÞ is a q-power for any generator y of a q-cyclic supplement to N. (1), (2), then HY is irreducible with respect to w. Conversely, if HY is w-irreducible, then arguments in the proof of Proposition 2.7 (with M ¼ HY ) show that h 1 ; . . . ; h q are distinct, and therefore (1), (2) hold. Since H G S, clearly HY is a proper subgroup of G.
Our next goal is to show that if S is not s-minimally irreducible, then with one single exception G is not w-minimally irreducible.
Theorem 3.19. Suppose that G ¼ NY and N ¼ S
Âq satisfy the assumptions of this subsection. Suppose furthermore that S is not minimally irreducible with respect to the character s of degree p defined above. Then G is not w-minimally irreducible, unless S ¼ PSLð2; 9Þ, p ¼ 5, q ¼ 2 and W 2 1 q or q Fr mod InnðSÞ, where q and Fr denote the diagonal and Frobenius automorphism of S.
Proof. We inspect Table 1 , looking at the groups that are not minimally irreducible and testing the subgroups T listed in the fourth column of the as each normal subgroup of N is a product of copies of S). In particular, the required condition on T and W q ð yÞ will be plainly satisfied if S has only one conjugacy class of subgroups isomorphic to T.
We now proceed with a case-by-case analysis of the subgroups T listed in Table  1 , either exploiting the fact that S has a unique conjugacy class of subgroups isomorphic to T, or proving that each coset of AutðSÞ=InnðSÞ has an element stabilizing T, apart from the exception mentioned above.
as a cycle of length p À 1, hence as an odd permutation. Thus T is preserved by an outer automorphism of S, and we are done.
(ii) S ¼ PSLð2; uÞ, p ¼ u À 1, u ¼ 2 n for some prime n. Here we choose T ¼ N S ðUÞ, where U A Syl 2 ðSÞ. Clearly there is in S only one conjugacy class of subgroups isomorphic to T.
Using the notation of the Remarks following Table 1 , we recall that S has two conjugacy classes K S and L S of subgroups isomorphic to A 5 , which are interchanged by the diagonal automorphism q and fixed by the Frobenius automorphism Fr. If W q 1 Fr mod InnðSÞ, we may apply Proposition 3.16 with T ¼ K or L. Suppose that W q 1 q or q Fr mod InnðSÞ: we claim that in this case G is minimally irreducible. First we observe that W q being q-singular entails q ¼ 2. Assume that M is a maximal irreducible subgroup of G. By Proposition 2.7, MN ¼ G and H ¼ M V N is either abelian or irreducible of degree 5. Moreover M can be assumed Y -invariant (indeed, let Q A Syl q ðMÞ; then there exists x A QnI G ðyÞ such that G ¼ Nhxi). If H is abelian, then p ¼ q ¼ 2, a contradiction. Otherwise, setting N ¼ S 1 Â S 2 and denoting by p i the projection of H onto S i for i ¼ 1; 2, we have that s restricts irreducibly to H p i . Since the only proper subgroups of PSLð2; 9Þ having an irreducible representation of degree 5 are those isomorphic to
However, since MN ¼ G, H cannot equal N. Thus H V S i ¼ 1 for i ¼ 1; 2, which readily implies that H is a full diagonal subgroup. Let ðs; s a Þ be a typical element of H. Since H is Y -invariant, by Lemma 3.17 we get ðao 2 Þ 2 ¼ W 2 , contradicting the fact that OutðSÞ is of exponent 2. Thus without loss of generality we may assume that
However, the latter group is not Y -invariant. For, suppose the contrary. Then
, where x A C AutðSÞ ðK o 2 Þ, and hence W 2 1 x mod InnðSÞ. But this implies that K q is conjugate to K in S, which is not the case. We conclude that G is minimally irreducible.
, where R A Syl r ðUÞ. Obviously S has a single conjugacy class of subgroups isomorphic to T and we are done.
, a maximal subgroup belonging to the Aschbacher class C 3 . It is known (cf. [12, (4.3.10) ]) that S has a single conjugacy class of subgroups isomorphic to T, and we are done.
(vi) S ¼ PSpð2n; 3Þ; p ¼ 1 2 ð3 n À 1Þ, n odd, T G PSLð2; 3 n Þ. As in (v), T is a maximal subgroup belonging to the Aschbacher class C 3 and we are done by [12, (4.3.10) ].
(vii) S ¼ PSUð3; 3Þ, p ¼ 7, T G PSLð2; 7Þ. As already observed in the Remarks following Table 1 , PSUð3; 3Þ has only one conjugacy class of subgroups isomorphic to PSLð2; 7Þ.
(viii) S ¼ M 12 , p ¼ 11, T a maximal subgroup isomorphic to PSLð2; 11Þ. It is well known that M 12 has exactly one conjugacy class of such subgroups.
(ix) S ¼ M 24 or PSpð6; 2Þ. In both cases OutðSÞ is trivial.
Next we deal with the case when S is s-minimally irreducible. Suppose, under this assumption on S, that G is not w-minimally irreducible and M is a maximal irreducible subgroup of G. As in Proposition 2.7, set H ¼ M V N. As already indicated in the proof of Theorem 3.19, we may assume that Y is contained in M, and therefore H is Y -invariant. Moreover,
We prove that in this situation H cannot be abelian.
Theorem 3.20. Suppose that G ¼ NY and N ¼ S
Âq satisfy the assumptions of this subsection. Suppose furthermore that S is s-minimally irreducible, but that G is not wminimally irreducible. If M is a maximal irreducible subgroup of G, then H ¼ M V N is non-abelian.
Proof. By the above remarks, M ¼ HY . Suppose that H is abelian. Then, by Proposition 2.7, q ¼ p, any irreducible constituent of w jH has q 2 conjugates under Y , and y ijH ¼ P q j¼1 h ij for i A ½q, where a double index is used to parametrize the linear constituents of w jH . It is also convenient to label the characters h with the elements of Z q 2 , defining h ðiÀ1Þþð jÀ1Þq ¼ h ij . Furthermore, up to reordering we may also assume that y acts as h y a ¼ h aþ1 , where a A Z q 2 . Since ker y i ¼ ker p i , we may view h ij as a character of H=ðH V ker p i Þ G H p i . Setting T ¼ H p 1 , with slight abuse of notation we may view t j ¼ h 1j as an element of IrrðTÞ. Then, by the above, t y q j ¼ t jþ1 . Also, since s is the unique non-trivial factor of y, T is an abelian subgroup of S such that s jT ¼ S q 1 t j is the sum of q distinct linear characters forming an orbit under h y q i.
Since y q stabilizes H and each simple factor of N, and acts on S 1 as W q , it follows that W q normalizes T and all the characters t are W q -conjugate. By Lemma 2.6 we have gcdðjOutðSÞj; qÞ ¼ 1. Thus, since W q is q-singular, it is inner. Let z A N S ðTÞ induce W q . Set L ¼ Thzi and R ¼ I L ðtÞ. Thus jL : Rj ¼ q, since z permutes transitively the characters t. By Lemma 2. Proof. By Theorem 3.20, H is non-abelian, and hence
As noted above, we may assume that M ¼ HY , where H is Y -invariant and Y transitively permutes the groups S i . Since
In the latter case H would contain S i and therefore M would contain N, forcing M ¼ G, a contradiction. Thus, for any i A ½q, H V S i ¼ 1. By Lemma 3.22, we conclude that H is a thick multidiagonal subgroup. Thus H ¼ Q r 1 D i , where r < q and each D i is full diagonal. In particular, H is semisimple and D 1 ; . . . ; D r are its only minimal normal subgroups: thus y acts on these subgroups. However, since r < q and y is q-singular, each D i must be fixed by y. As y acts as a q-cycle on the simple factors of N, we conclude that r ¼ 1, that is, H is diagonal. By Theorem 3.23, if G is not w-minimally irreducible, but S is s-minimally irreducible, then there exists a full diagonal subgroup H of N isomorphic to S such that Y has an orbit of size q on Irr p ðHÞ. In particular, q divides jOutðSÞj. A check of the minimally irreducible groups of prime degree (see Table 1 ) and of those listed in Theorem 3.9 shows that there are only two possibilities: either S ¼ PSLð2; uÞ, p ¼ 1 2 ðu þ 1Þ or S ¼ PSLðn; uÞ, p ¼ ðu n À 1Þ=ðu À 1Þ. In both cases, the occurrence of non-minimally irreducible groups G arises from the nature of the action of W q or properties of any irreducible constituent h of w jH , as shown by our final result: Theorem 3.24. Suppose that G ¼ NY and N ¼ S Âq satisfy the assumptions of this subsection. Suppose furthermore that S is s-minimally irreducible. Then G is w-minimally irreducible, except in the following cases: Conversely, in each of these exceptional cases, there exist a full diagonal subgroup H and a cyclic q-group Y 1 such that HY 1 is a proper w-irreducible subgroup of G. 
Since OutðSÞ is a cyclic 2-group, z satisfies the required conditions if and only if hzi ¼ I and h 1 0 y ðuÀ1Þ=3 (see Theorem 3.9) .
where g denotes the graph automorphism of S, and h is one of u À 2 monomial characters y j parametrized by Z Ã uÀ1 and described in Theorem 3.9. If u is odd and h ¼ y ðuÀ1Þ=2 , then h is AutðSÞ-invariant. Therefore we may assume that j 0 
The homogeneous case
In this section, except in Theorem 4.3, we assume that G is irreducible with respect to a character w of degree pq, and has a proper non-abelian minimal normal subgroup N such that w jN is homogeneous. Thus w jN ¼ qy, where y A IrrðNÞ and yð1Þ ¼ p. We first show that N must be simple.
Lemma 4.1. Suppose that G is a finite group, w is a faithful irreducible character of G of degree pq, and N is a minimal normal subgroup of G such that w jN ¼ qy, where y A IrrðNÞ. Then N is a non-abelian simple group.
Proof. Let N ¼ S 1 Â Á Á Á Â S m , where each S i is isomorphic to the non-abelian simple group S, and suppose that m > 1. Then y is the product of m irreducible characters j 1 ; . . . ; j m A IrrðSÞ. As yð1Þ ¼ p, we may assume f 1 ð1Þ ¼ p and j i ð1Þ ¼ 1 for i > 1. Since S is simple, j i ¼ 1 S (the principal character of S) for all i > 1. Thus all factors S i with i > 1 lie in ker y. As y is faithful, this is clearly impossible. We conclude that m ¼ 1 and N ¼ S.
Next we show that if G is w-minimally irreducible then it has either one or two nonabelian minimal normal subgroups. In the latter case, the structure of G is easily obtained. (ii) N, M are minimally irreducible groups of degree p and q, respectively.
Proof. Clearly NM ¼ N Â M t G. Thus w jM is also homogeneous. Otherwise, by Lemma 2.1, we would get G ¼ Mhyi, with y a q-element, and therefore N would be abelian (indeed cyclic). In particular, by Lemma 4.1, both N, M are simple. We claim that G ¼ N Â M. Suppose the contrary. Then, by the minimality assumption, w jNÂM splits into the sum of r irreducible characters of degree s, where ðr; sÞ ¼ ðq; pÞ or ð p; qÞ. Since w jN ¼ ðw jNÂM Þ jN , this forces r ¼ q, s ¼ p, and w jNÂM ¼ y 1 þ Á Á Á þ y q , where y i ¼ y Á c i , c i A IrrðMÞ. As y i ð1Þ ¼ yð1Þ ¼ p, it follows that c i ¼ 1 M , which in turn implies that w jM ¼ ðw jNÂM Þ jM ¼ wð1Þ1 M , a contradiction. Thus (i) is proven. Now we have the following situation: G ¼ N Â M, where N and M are both simple; w ¼ y Á c, where y A IrrðNÞ has degree p; c A IrrðMÞ has degree q, w jN ¼ qy, w jM ¼ pc.
Suppose that H is a proper subgroup of N such that y jH is irreducible. Then y jH Á c is an irreducible character of H Â M Y G. But y jH Á c ¼ w jHÂM , contradicting the minimality of G. By symmetry, the same argument works for M, and (ii) is proven.
where N, M are non-abelian simple groups, is minimally irreducible of degree pq, then N, M are minimally irreducible of degrees p, q, say. Conversely, given two minimally irreducible simple groups of prime degrees p, q, their direct product is a minimally irreducible group of degree pq. More generally, we show that minimal irreducibility is preserved under direct products, with any number of factors and without requiring the factors to be simple, provided that the centre of the whole group is cyclic, the latter condition being equivalent to requiring that all factors of the same prime degree, except possibly one, have trivial centres. Proof. We first observe that the coprimality condition on the centres implies that ZðGÞ is cyclic, a necessary requirement for G to admit a faithful irreducible representation. Conversely, if each N i is minimally irreducible of degree p i , then ZðGÞ cyclic implies the coprimality condition. Indeed, let us say that N i is associated to the prime p if p ¼ p i . If N is a minimally irreducible group of degree p, then by Lemma 2.2 and Theorem 2.4 either N is simple, hence centreless, or its centre has p-power order. Thus ZðGÞ cyclic implies that at most one factor among those associated to a given p has non-trivial centre. This is just the coprimality condition.
Assume first that G ¼ Q s 1 N i is minimally irreducible with respect to a character w of degree Q s i¼1 p i . Then w ¼ Q s i¼1 y i , where each y i is a faithful irreducible character of N i . Moreover y i ð1Þ cannot be composite for any i, since otherwise y j ð1Þ ¼ 1 for some j 0 i, and therefore Q i0j N i would be a proper w-irreducible subgroup of G. Thus, up to reordering, y i ð1Þ ¼ p i . Clearly N i is y i -minimally irreducible for each i. For let T i be a proper irreducible subgroup of N i . Then T i Â Q j0i N j would be a proper w-irreducible subgroup of G. Finally, the coprimality condition follows from the remarks at the beginning of the proof.
We now turn to converse part of the statement. We want to prove that, if each N i is minimally irreducible of prime degree p i with respect to an irreducible character y i and gcdðjZðN i Þj; jZðN j ÞjÞ ¼ 1 for i 0 j, then G is minimally irreducible of degree Q s i¼1 p i with respect to the character w ¼ Q s i¼1 y i . The assertion is trivially true if s ¼ 1, and so we assume that s > 1 and argue by induction on s.
Suppose that G is not minimally irreducible and let M be a maximal irreducible subgroup of G.
However, by induction, Q is minimally irreducible with respect to w jQ . It then follows that w jM V Q splits into irreducible constituents, and therefore also w jM is reducible, a contradiction. Thus the maximality of M implies that G ¼ MP. Let p and r denote the projections of G onto P and Q, respectively. Then
Moreover M V P is normalized by M and centralized by Q. Since by symmetry G ¼ MQ, it follows that M V P is a normal subgroup of G, hence of P, and similarly M V Q is a normal subgroup of Q.
With the above information available, we first assume that none of the factors N i are soluble. similarly, interchanging N 1 , N 2 ) . Thus M is a simple group with minimally irreducible complex representations of prime degrees p 1 , p 2 . By Lemma 2.2, p 1 ; p 2 occur to the first power in jMj. On the other hand, as w jM is irreducible, p 1 p 2 j jMj, which implies that p 1 ; p 2 are distinct. Table 1 now shows that M G PSLð2; uÞ for some u. Moreover, if u is odd, then u is prime and p 1 p 2 ¼ uðu þ 1Þ=2. Now M has an irreducible complex representation of degree p 1 p 2 ; however, the degree of an irreducible character of PSLð2; uÞ belongs to f1; u;
where the latter is the maximum character degree of PSLð2; uÞ.
Next assume that s > 2 and let M be as above.
is the product of some of the groups N j with j 0 i. The latter is impossible, and so
But A V M t A. Since it does not contain W , by the Remarks following Theorem 2.4 we conclude that
Thus A=ðA V MÞ is not a primary group, and we get a contradiction. Next we claim that Z ¼ ZðAÞ c M. Otherwise, G ¼ MZ, whence
this implies that A V M, and hence also A, is abelian, a contradiction. We have now obtained that A V M ¼ WZðAÞ for any nonnilpotent direct factor A ¼ W : X of G. In particular,
where p is the prime associated to A. Thus
jG : Tj ¼ p 2 and jG : Mj ¼ p. Now w ¼ ah, where a A IrrðAÞ and h A IrrðBÞ. Since both A and B are minimally irreducible (by induction), both a and b split over A V M and B V M, respectively. In fact, by a well-known result on characters (see [10, Theorem 6.18]) they both split into p distinct irreducible constituents. On the other hand, since w restricts irreducibly to M, and jM : Tj ¼ p, by the same result w must split into p irreducible constituents, a contradiction. This proves that none of the subgroups N i is non-nilpotent, and G itself is nilpotent. By the coprimality assumption on the centres, it now follows that the subgroups N i have coprime orders. Write G ¼ P Â H, where P is the Sylow p-subgroup of G and H its Hall p 0 -subgroup. Since each of P, H is obviously a product of some of the subgroups N i , we have
But the former is a nontrivial p-power while the latter is coprime to p. This is the final contradiction.
We now sum up the situation so far. If G has more than one non-abelian minimal normal subgroup, then G ¼ N Â M, where N, M are non-abelian simple groups, minimally irreducible of degrees p, q, say and both w jN and w jM are homogeneous. Conversely, by Theorem 4.3 any such direct product is minimally irreducible of degree pq. So let us suppose that G has a unique non-abelian minimal normal subgroup N, such that w jN is homogeneous: say, w jN ¼ qy, yð1Þ ¼ p. By Lemma 4.1, N ¼ S is simple. Set C ¼ C G ðSÞ. If G ¼ SC ¼ S Â C, then, by Theorem 4.3, C is minimally irreducible of degree q. By Lemma 2.2 the subgroup C is soluble (and therefore is one of the groups listed in Theorem 2.4). Conversely, any such direct product is mini-mally irreducible of degree pq, again by Theorem 4.3. We are left to examine the case when SC is a proper normal subgroup of G. We show that SC behaves well: in particular it provides, also in the homogeneous case, a 'natural' normal subgroup of G with cyclic factor group. Proof. Observe that, via obvious identifications, InnðSÞ c G=C c AutðSÞ, whence G=SC c OutðSÞ. Thus the homogeneity assumption implies that gSC A I OutðSÞ ðyÞ for each g A G. All groups S listed in Table 1 Proof. By Lemma 4.4, the subgroup SC has a cyclic supplement Y in G. Now w jSC ¼ e P t 1 j i , where j i A IrrðSCÞ. Since SC ¼ S Â C, we have j i ¼ y i g i , where y i A IrrðSÞ and g i A IrrðCÞ. Restricting further to S, we deduce that y i ¼ y for each i. It follows that q ¼ e P t 1 g i ð1Þ, so that either e ¼ q and t ¼ 1, or e ¼ 1 and P t 1 g i ð1Þ ¼ q. Suppose that the former case holds. Then w jSC ¼ qj, where j A Irr p ðSCÞ is G-invariant. Since G ¼ SCY , j extends to a character c A Irr p ðGÞ. By Gallagher's Theorem, IrrðGjjÞ ¼ fcz j z A IrrðG=SCÞg. However, since w lies in this set, we get wð1Þ ¼ q, a contradiction. Thus the second option holds. Hence w jC ¼ p P t 1 g i . As the characters g i are G-conjugate and q ¼ P t 1 g i ð1Þ is prime, it follows that either t ¼ 1 and g 1 ð1Þ ¼ q, or t ¼ q and g 1 ; . . . ; g t are distinct linear characters of C. However, if g 1 has degree q, then w jSC ¼ yg 1 is irreducible, and the minimality assumption forces G ¼ SC, a contradiction. The statement follows.
We can now describe the structure of the minimally irreducible groups G meeting the conclusions of Lemma 4.5. In particular, we show that S is a minimally irreducible group of degree p with non-trivial outer automorphism group, and point out some properties of CY . (1) G=SC is isomorphic to a non-identity cyclic q-subgroup hai of I OutðSÞ ðyÞ.
(2) S is y-minimally irreducible, and the quadruple ðS; p; q; aÞ is one of the following: (a) ðPSLð2; rÞ; r; 2; qÞ, y the Steinberg character; (b) ðPSLð2; uÞ; u þ 1; 2; sÞ, s a suitable field automorphism; (c) ðPSLð2; uÞ; 1 2 ðu þ 1Þ; 2; sÞ, s any field automorphism; (d) ðPSLðn; uÞ; ðu n À 1Þ=ðu À 1Þ; n; sÞ, n an odd prime, s a suitable field automorphism; (e) ðPSLðn; uÞ; ðu n À 1Þ=ðu À 1Þ; 2; gÞ, n an odd prime, g the graph automorphism, y ¼ y ðuÀ1Þ=2 ; (f ) ðPSUðn; uÞ; ðu n þ 1Þ=ðu þ 1Þ; n; sÞ, n an odd prime, s any field automorphism of n-power order; (g) ðPSUðn; uÞ; ðu n þ 1Þ=ðu þ 1Þ; 2; sÞ, n an odd prime, s any field automorphism of 2-power order. Table 1 together with the Orbit Theorem 3.9 gives (2). We have already seen that InnðSÞ k G=C k I AutðSÞ ðyÞ. Next, we claim that InnðSÞ is complemented in I AutðSÞ ðyÞ whenever S runs over the minimally irreducible groups listed in Table 1 which have non-trivial outer automorphisms. Since our claim is obviously true if only field automorphisms are involved in I AutðSÞ ðyÞ, this leaves us to check the following two cases: (i) S ¼ PSLð2; pÞ, p ¼ r, y the Steinberg character. Here OutðSÞ is generated by the diagonal automorphism q, which is induced by the matrix D ¼ ne 12 þ e 21 , where n is a primitive element of F u . Since D 2 ¼ n1 2 , we are done.
(ii) S ¼ PSLðn; uÞ, n an odd prime, u ¼ r n s , p ¼ ðu n À 1Þ=ðu À 1Þ. Here
Since g is realized by the invert-transpose automorphism, we are done.
Since InnðSÞ is complemented in I AutðSÞ ðyÞ, it also follows that InnðSÞ is complemented in G=C. Now pick any cyclic q-subgroup Y of G such that CY =C is such a complement. (Clearly such a Y does exist, since any complement of InnðSÞ in G=C is a cyclic q-group.) Then
whence YC V S c C V S ¼ 1. Thus Y fulfils (3). In order to prove (4), observe that, since yg 1 ; . . . ; yg q are Y -conjugate, so are g 1 ; . . . ; g q . Moreover, since w jC ¼ p P q i¼1 g i and w is faithful, 7 ker g i ¼ 1. Finally, ½ W 1 ðY Þ; C ¼ 1. Indeed, set Y ¼ h yi and z ¼ y q . Since z stabilizes each g i and P q i¼1 g i is a faithful character of C, it follows that ½z; C ¼ 1.
In order to prove (5), we first observe that, for a subgroup T of C, we have T G C C ðY Þ if and only if T is not central in G, that is, is not scalar. By Cli¤ord theory, this is equivalent to requiring that w jT ¼ p P q 1 t i , where the characters t i are distinct. Now assume that T c C is a Y -invariant subgroup not contained in C C ðY Þ.
Since, by the above, w jD ¼ y P q 1 t i , we have j 1jD d yt 1 . Since j 1 and D are both Y -invariant and the characters t i are Y -conjugate, we also deduce that j 1jD d yt i for every i A ½q. Thus j 1jD d w jD . By comparison of degrees we conclude that w jM ¼ j 1 , whence M ¼ G and TY ¼ CY . Therefore, for any Y -invariant subgroup T of C, either T is contained in C C ðY Þ (equivalently, T is scalar), or TY ¼ CY .
We now show that C C ðY Þ is a q-group. Indeed, since C is abelian, Conversely, assume that properties (1)- (5) hold. By (4) and Proposition 2.9, there exists a faithful character w A Irr pq ðGÞ such that w jSC ¼ y P q 1 g i . Let M be a maximal irreducible subgroup of G and set H ¼ M V SC. By (1), q divides jOutðSÞj. Thus p 0 q by Lemma 2.6. Using (3), we then conclude from Proposition 2.7 (with N ¼ SC) that H is an irreducible group of degree p with respect to the character h i ¼ ðyg i Þ jH . Let p be the projection of H to S. Since H c H p Â C, it follows that H p is a yirreducible subgroup of S, whence, by (2), we have H p ¼ S. Now let r be the projection of H to C. The map sending s A S to the coset c h ðH V CÞ, where sc h A H, is an epimorphism from S to H r =ðC V HÞ with kernel S V H. Thus S=ðS V HÞ G H r =ðC V HÞ:
Since the latter group is abelian, we obtain that S ¼ S V H and H ¼ S Â ðH V CÞ. Theorem 4.6 provides fairly detailed information on the structure of G. However, we can further refine the analysis and show that CY belongs to a quite restricted list of isomorphism types. We need the following lemma. . . . ; g q g has length q and 7 i ker g i ¼ 1. Since these groups will turn out to be generalizations of the Suprunenko groups in Theorem 2.4, we shall call them almost Suprunenko groups. In particular, they turn out to be either qprimary or minimally irreducible of degree q. To indicate the relation with the prime q, it may sometimes be convenient to call them almost q-Suprunenko groups. Proof. We first show that all our candidates are indeed almost Suprunenko. It is useful to recall Brauer's Permutation Lemma ([10, (6.32)]) which relates the actions of Y on W and IrrðW Þ. Namely, if m i and n i denote the number of Y -orbits of length q i on W and IrrðW Þ respectively, then n 0 ¼ m 0 and P id0 n i ¼ P id0 m i (that is, the two actions have the same number of orbits). The following simple observation will also be useful throughout. Let X be a group, and x A X be such that ½X ; x is contained in ZðX Þ. Then the map g 7 ! ½g; x is a homomorphism from X to ZðX Þ.
Assume first that X is a non-nilpotent Suprunenko group. Then, by Theorem 2.4, Remarks. (1) By Theorem 4.8 (1), a non-nilpotent almost Suprunenko group is actually a Suprunenko group of type (iii). However if q is odd then V 1 ðqÞ is the extraspecial group of order q 3 and exponent q, whilst U 2; 1 ðqÞ is the extraspecial group of order q 3 and exponent q 2 . Furthermore, V 1 ð2Þ is the dihedral group D 8 of order 8. Since U l; 1 is the modular q-group, we see that all nilpotent Suprunenko groups are also almost Suprunenko. Therefore the class of almost Suprunenko groups strictly contains the class of Suprunenko groups.
(2) Theorem 4.8 shows that if X is a nilpotent almost q-Suprunenko group, then jX : ZðX Þj ¼ q 2 and jX 0 j ¼ q; in particular, X is of nilpotency class 2. It is not di‰-cult to check that almost q-Suprunenko groups of di¤erent types are not isomorphic, apart from the exception of U 2; 1 ð2Þ G V 1 ð2Þ G D 8 .
